JOTA manuscript No.
(will be inserted by the editor)

A Quasiconvex Asymptotic Function with Applications

in Optimization

Nicolas Hadjisavvas - Felipe Lara -

Juan Enrique Martinez-Legaz

Received: date / Accepted: date

Abstract We introduce a new asymptotic function, which is mainly adapted
to quasiconvex functions. We establish several properties and calculus rules
for this concept and compare it to previous notions of generalized asymptotic
functions. Finally, we apply our new definition to quasiconvex optimization
problems: we characterize the boundedness of the function, and the nonempti-
ness and compactness of the set of minimizers. We also provide a sufficient
condition for the closedness of the image of a nonempty closed and convex set

via a vector-valued function.

N. Hadjisavvas, Corresponding author

Department of Product and Systems Design Engineering, University of the Aegean, Her-
moupolis, Syros, Greece; and Mathematics and Statistics Department, King Fahd University
of Petroleum and Minerals, Dhahran, Kingdom of Saudi Arabia

nhad@aegean.gr

- F. Lara,

Departamento de Matematicas, Universidad de Tarapacd, Arica, Chile
felipelaraobreque@gmail.com

- J. E. Martinez-Legaz,

Departament d’Economia i d’Historia Economica, Universitat Autonoma de Barcelona, and
Barcelona Graduate School of Mathematics (BGSMath), Spain
juanenrique.martinez.legazQuab.cat



2 Nicolas Hadjisavvas et al.

Keywords Asymptotic cones - Asymptotic functions - Quasiconvexity -

Nonconvex optimization - Closedness criteria

Mathematics Subject Classification (2000) 90C25 - 90C26 - 90C30

1 Introduction

The notion of asymptotic cone of an unbounded set has been introduced in
order to study its behavior at infinity. The asymptotic cone of the epigraph of
a function, which yields its asymptotic function, provides a description of the
function at infinity.

Those notions are an outstanding tool for studying problems with un-
bounded data and have given rise to the branch of mathematics called asymp-
totic analysis (see [1]). They have been employed for studying optimization
problems such as scalar minimization, vector optimization, variational inequal-
ities and equilibrium problems (see [1-6] and references therein).

Clearly, convexity is a simplifying assumption, when studying minimization
problems. In convex minimization, any local minimizer is global, first order
necessary optimality conditions become also sufficient, and the asymptotic
cones of nonempty sublevel sets coincide. For nonconvex functions, none of
the above holds in general.

As was noted in [7,8], the usual asymptotic function is not good enough
to describe the behavior of a nonconvex function at infinity. In the particular
case of quasiconvex functions, many alternative generalized asymptotic func-

tions were given in the last years (see [8-11] and references therein). All those
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attempts provide a similar characterization of the nonemptiness and compact-
ness of the solution set of the original function, while other properties and

calculus rules are lost.

In this paper, we introduce a new notion of asymptotic function to deal with
quasiconvexity, which provides information on the value of the original func-
tion at infinity. Our definition preserves many properties and calculus rules of
the usual asymptotic function, beyond the characterization of the nonempti-
ness and compactness of the solution set for scalar minimization problems.
The new asymptotic function can also be used to study some properties of
the original function. However, in contrast to previous definitions, the new
asymptotic function is related to the sublevel sets of the function, rather than

to its epigraph. This is natural, since we are dealing with quasiconvexity.

The paper is organized as follows. In Section 2, we include notation and
preliminaries. We review some standard facts on asymptotic analysis and ge-
neralized convexity. In Section 3, we introduce our new asymptotic function for
dealing with the quasiconvex case. We also provide several properties, calcu-
lus rules and the comparison with previous notions of generalized asymptotic
functions. Finally, in Section 4, we apply our new definition to characterize
the boundedness (from below and above) of the function, to characterize the
nonemptiness and compactness of the set of minimizers, and to provide a su-
flicient condition to ensure the closedness of the image of a closed and convex

set via a quasiconvex vector-valued function. We also provide some examples
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of evaluation of the new asymptotic function for some fundamental particular

cases, such as quadratic functions and fractions of two affine functions.

2 Preliminaries and Basic Definitions

In this paper, we denote the scalar product between two elements of R™ by
(-,) and the norm by ||-||. For K C R", its closure is denoted by cl K, its
boundary by bd K, its topological interior by int K, its relative interior by
ri K and its convex hull by conv K. By K* we denote the positive polar
cone of K. The indicator function of K is defined by dx(z) := 0, if x € K,
and by dx(z) := 400 elsewhere. The support function of K is defined by
ok (y) = sup,ex(z,y). By B(x,d) we mean the open ball with center at

z € R™ and radius 6 > 0.

Given any function f : R® — R := R U {400}, the effective domain of f
is defined by dom f := {z € R™ : f(z) < 4+o00}. We say that f is a proper
function if f(z) > —oo for every x € R™ and dom f is nonempty. For a function

f, we adopt the usual convention infy f := 400 and supy f := —o0.

We denote by epif := {(z,t) € domf x R: f(x) <t} its epigraph and for
a given A € R by Sy(f) :={z € R": f(x) < A} its sublevel set at value A. As

usual, argming f:={x € K: f(z) < f(y), Vy € K}.

A proper function f is said to be:
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(a) semistrictly quasiconvex, if its domain is convex and for every z,y € dom f

with f(z) # f(y),

fz+ (1= Ay) <max{f(z), f(y)}, ¥ €]0,1]

(b) quasiconvex, if for every z,y € dom f,

O+ (1= A)y) < max{f(z), f(y)}, VA €[0,1].

Every convex function is quasiconvex, and every semistrictly quasicon-
vex and lower semicontinuous (Isc from now on) function is quasiconvex (see
[12, Theorem 2.3.2]). The continuous function f : R — R with f(z) :=

min{|x|, 1}, is quasiconvex, without being semistrictly quasiconvex.

Recall that

f is convex <= epi f is a convex set.

f is quasiconvex <= S)(f) is a convex set, for all A € R.

For a further study on generalized convexity, we refer to [12-14].

As explained in [1], the notions of asymptotic cone and the associated
asymptotic function have been employed in optimization theory in order to
handle unbounded and/or nonsmooth situations, in particular when standard
compactness hypotheses are absent. We recall some basic definitions and pro-

perties of asymptotic cones and functions, which can be found in [1].
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For a nonempty set K C R" its asymptotic cone is defined by
x

K‘X’::{ueR”: 3t), — +o0, Iay, € K, t’“—m}
k

We adopt the convention that (°° = .

When K is a closed and convex set, it is known that the asymptotic cone

is equal to (see [1, Proposition 2.1.5])
KOO:{uER”:a:0+/\u€K,V/\ZO} for any xp € K. (1)

The basic properties of the asymptotic cone are listed below.

Proposition 2.1 Let ) # K CR", then

(a) If Ko C K, then (Kg)>™ C K.
(b) (K +20)® = K> for all zo € R".
() K* = (K)>.
(d) K> = {0} iff K is bounded.
(e) Let {Ki}icr be a family of sets from R™. Then | J;c;(K:)*> C (U;er Ki)*>.
The equality holds when |I| < +oc0.
(f) Let {K;}icr be a family of sets from R™ satisfying (;c; Ki # 0. Then
<ﬂ Ki) - ﬂ(Ki)oo-
iel iel

The equality holds when every K; is closed and convex.
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The asymptotic function f*° : R™ — R U {£o0} of a proper function f as

before, is the function for which
epi f*° := (epi f)>. (2)

From this, one may show that

J(thug)

f°(u) = inf {liminf ot = o0, up — u} . (3)

k—+o00 tr

Moreover, when f is Isc and convex, for all g € dom f we have

foo(u) = sup f(:l?() + tu) - f($0) — lim f(l‘o =+ t’u,) — f(xO)

t>0 t t—+o00 t

(4)

A function f is called coercive if f(x) = 400 as ||z|| = +o0. If f*(u) >0
for all u # 0, then f is coercive. In addition, if f is convex and lsc, then (see

[1, Proposition 3.1.3])

f is coercive <= f*(u) > 0, V u # 0 <= argming. f # () and compact.

()

The problem of finding an adequate definition of an asymptotic function
has been studied in the last years, since the usual asymptotic function is not
well suited for the description of the behavior of a nonconvex function at
infinity. Several attempts to deal with the quasiconvex case have been made

in [7-10] while applications to optimization can be found in [10,11].
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The following two asymptotic functions to deal with quasiconvexity were

introduced in [9]. Recall that, given a proper function f : R” — R U {+o0},

the g-asymptotic function is defined by

f;o(u) := sup sup flz+ tut) — f(:zr)
z€dom f t>0

Given A € R with Sy(f) # 0, the A-asymptotic function is defined by

tu) — A
FwA) == sup sup flz+tu) -2
2SN (f) >0 t

If f is Isc and quasiconvex, by [9, Theorem 4.7] we have

[ (u) >0, Vu#0 <= argming, [ # () and compact,

and by [9, Proposition 5.3]

Fu;A) >0, Vu#£0 < Sy(f) # 0 and compact.

(9)

If f is quasiconvex (resp. lsc), then f4(-) and f°°(-; A) are quasiconvex (resp.

Isc). Furthermore, the following relations hold for any A € R with Sy(f) # 0,

F2 <IN < R

(10)

Both inequalities could be strict even for quasiconvex functions, as was proved

in [9, Example 5.6].
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Finally, it is important to point out that the fact that f2°(u) > 0 for all

4
1+|z|

u # 0 does not imply that f is coercive as the function f(x) := shows.

Hence, the characterization (8) goes beyond coercivity.

3 A Quasiconvex Asymptotic Function

In this section, we introduce a new definition of an asymptotic function to
deal with quasiconvex functions. We establish properties and calculus rules

and compare with previous notions of asymptotic function.

3.1 Definition and Properties

The usual definition of the asymptotic function involves the asymptotic cone
of the epigraph. This explains why that definition is useful mainly for convex
functions. Our definition, quite naturally, involves the asymptotic cone of the

sublevel sets of the original function.

Definition 3.1 Let f : R” — R U {400} be a proper, lsc and quasiconvex

function. We define the gz-asymptotic function f4* : R® — R of f by

F(w) = inf {\: w e (Sa(f)®}. (11)

Since f is Isc and quasiconvex, Sy(f) is a closed and convex set. For any
A such that Sy (f) # 0, by Proposition 2.1(f) we have

o0

S\ = (VS = | [V Suld) | = (Sa()> (12)

w>A >
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The following remark follows immediately from the previous equation.

Remark 3.1
(i) The first equality in (12) holds for every A € R and implies that Sy (f9*)
is a closed and convex cone. Hence f9% is lsc, quasiconvex, and positively
homogeneous of degree 0.

(it) The gr-asymptotic function is monotone in the sense that f; < fy implies

that (f1)% < (f2)?. In fact, take A € R such that S\ (f2) # 0, then

Sx(f2) CSa(f1) = (Sa(f2))™ C (SA(f1))™ = Sxa(f2)*" C Sx(f1)™,

which means that (f1)? < (f2)?*. The previous monotonicity property does

not hold for f°, as the continuous quasiconvex functions fi, f2 : R — R given

by fi(z) = l-Iliv|‘az\ and fa(x) = 1 show.

An analytic formula for the gz-asymptotic function is given below.

Proposition 3.1 Let f : R® — R U {+o0} be a proper lsc and quasiconvex
function, then for any u € R™ we have

f¥(u) = ziean" 312118 flz + tu). (13)

Proof For all A > f%%(u) we have u € (S)(f))>°. Then we can find = € S)(f),
such that for all t > 0 we have « +tu € Sx(f). Thus, there exists € R™ such
that sup;~q f(z + tu) < A, which implies that inf,ern sup;sq f(z +tu) < A

This is true for all A > f9%(u). Thus, inf,ern sup,sq f(@ +tu) < f9%(u).
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Conversely, if inf,epn sup;>q f(@ + tu) < A, then there exists z € R™ such

that for all t > 0, x + tu € S\(f). Hence u € (Sx(f))™, so f9%(u) < \.

This shows that f%%(u) < inf,ern sup,sq f(7 + tu) and proves equality

(13). 0

Remark 3.2 Let C C R™ be a closed and convex set. Then (6¢)?" = d¢e. For

the usual asymptotic function, a similar result is [1, Corollary 2.5.1].

Another analytic formula for f?* is given below.

Proposition 3.2 Let f : R® — R U {+oo} be a proper lsc and quasiconvex
function. Then for each u € R™,

f¥w) = inf lim f(z+ tu). (14)

r€R™ t——+o00

Proof We know by [13] that for a quasiconvex function defined on an interval
I in R, there exist two consecutive disjoint intervals I7, I (one of them might
be empty) with I = I; U I3, such that the function is decreasing on I; and
increasing on I5. Thus,

sup f(z + tu) = max {f(ac), lim f(x —i—tu)} .
t>0 t—4o0

Since obviously

qz _ . S .
Fe) = jnf wax{ ), tim S0 f > nt tim ok, (15
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in order to show (14) it is enough to show that strict inequality in (15) is not
possible. Assume that strict inequality holds. Then there exists xg € R™ such
that lim;—, oo f (20 + tu) < f7%(u).

Take to large enough so that f(xzo + tou) < f%%(u). Set x1 := o + tou.
Then obviously lim¢—s 4o f(z1 + tu) = limy—, 4 oo f(xo + tu). Thus,

max {f(ml),t_lj+moo flz1+ tu)} < f%(u) = inf max {f(ac),t_ligloof(x + tu)} ,

zER™

which is a contradiction. O
Remark 3.3 From (13) we get that f2°(0) = inf ern f(2). Also from the same
formula, for all u € R™ we have f%(u) > inf,cgrn f(x). Consequently,

inf f(z)= inf f¥(u)= f9%(0). (16)

zER™ u€ER™

Hence, f and f9% has the same optimal value, the gz-asymptotic function

obtains the optimal value at u = 0.

From the geometric point of view, the gz-asymptotic function provides the
behavior of the value of the original quasiconvex function at infinity, rather
than the behavior of the slope, as f>° does. The next example ilustrates our

interpretation.

Ezxample 3.1 Let f: R — R be the continuous quasiconvex function given by
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An easy calculation shows that

400, u < 0,
[T (u) = 0, u=0,
1, u>0

The following proposition provides calculus rules for the gz-asymptotic
function. We recall that the composition of an increasing function h with a

quasiconvex function g is also quasiconvex.

Proposition 3.3 The following assertions hold,

(a) Let g : R®™ — R U {+o0} be a proper, lsc and quasiconvezr function,
and h : R — R U {+o0} be an increasing continuous function such that
domh N g(R™) # 0. We extend h to R by setting h(£00) = lim;_, 1o h(t).
Then (ho g)9* = h(g9%).

(b) Let f; : R™ — RU{+4o00} be a family of proper, lsc and quasiconvez functions
with I an arbitrary index set. Then

(s f) > sup(f:)". (17)

i€l i€l

Proof (a) : Obviously, h o g is proper, lsc and quasiconvex. Take u € R™, then

qz — 3 : _ .
(hog)(u) = inf Um (heg)le+tu)= il lm h(g(z+tu))

= inf h( lim g(ac—i—tu)) =h ( inf lim g(sr:—i—tu))

zeR™ t——+oo TER™ t—+o00

= h(g"* (u))-
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(b) Set f :=sup;c; fi- Then

f9¥%(u) = inf supsup f; (z + tu) = inf sup sup fi(x + tu)
TER™ >0 jeT TER™ jeT >0

> sup inf sup fi(x + tu) = sup(f;)*(u).
iel TER™ ¢>0 iel

Hence (17) holds. O

Note that in general equality does not hold in (17).

Ezample 3.2 Define on R? the convex functions given by fi(z1,22) = |1 — 1
and fa(x1,22) = |21 + 1|, and f = max {f1, fa} = 1 + |z1]. Take v = (0,1).

Then

9 (u)= inf suplz; —1] =0, 9 (u)= inf supl|z;+1| =0,
(f1)* (u) oy t2£>| 1— 1 (f2)** (u) (rl,xz)ERQtzl(:))‘ 1+ 1

9 (y) = inf  sup(l+|z1|) =1.
[P (u) L tzlg( |z1])

Thus, f%%(u) > max {(f1)" (u), (f2)"(u)}.

Another formula for computing the gz-asymptotic function is given below.

Proposition 3.4 Let g : R™ — RU {400} be a proper, lsc and quasiconvex
function, let A : R™ — R™ be a linear map with A(R™) Ndomg # @, and let

f(x) :=g(Ax). Then f is lsc, quasiconver and
f¥(u) > g% (Au), YV u e R™. (18)

Whenever A is onto, equality holds in (18).
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Proof 1t is clear that f is Isc and quasiconvex. Now, take any v € R", then

f¥(u) = inf sup f(x +tu) = inf supg(Ax + t(Au))
TER™ t>0 zeR™ t>0

> inf supg(z + t(Au)) = g% (Au).
ZER™ ¢>0

If A is onto, then Ax takes on all values z € R™ so equality holds. O

3.2 Comparison with Other Asymptotic Functions

Let us compare the three asymptotic functions f°°, f>° and f°°(-; ) that are
known from the literature, with the function f?%* introduced in the previous

subsection.

When f is convex, the three functions f*°, f>° and f°°(; A) are equal, see

also [9, Proposition 5.4]:
Proposition 3.5 Let f be conver and X be such that Sx(f) # 0. Then
=17 =GN

Proof Ouly f* = f*°(-;\) needs a proof. We note that for x € S\(f), the

functions ¢ w and t — M are increasing, thus ¢t — M
is increasing too, and
flz+tu) — A . fle+tu)— X flz+tu) — f(z)

=T = lim —— = =1l = f>(u).
W ST AT /o)
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It follows that

o flz+tu) — A .
f(u;A\) = sup sup % = f*(u),
z€S\(f) t>0

and the proof is complete. a

In contrast to the above, when f is convex, f9* is in general not equal to
f°°. For example, consider the constant function f(z) := «. Here, f>* = 0
and f9% = «. Hence, for a > 0 we have f*>° < f% while for « < 0 we have
f4% < f°°. The same example shows that there is no connection between f9%*
and f2° or f°°(-;A). This difference is not surprising, since f> is related to
the slope of the function f at infinity, whereas f%* is related to the value of f
at infinity.

The qz-asymptotic function f9% is also convex whenever f is convex. In

fact, it is constant in its domain:

Proposition 3.6 Let f be proper, convexr and Ilsc. Then f9° = inf f 4+ d¢,

where C' := {u € R™ : f>(u) < 0}.

Proof By [1, Proposition 2.5.3], for each o € R such that S, (f) # @, one has
the equality: (Sq(f))™ = So(f°°). Thus, f9* has just one sublevel set, and its
value on this sublevel set is inf f9% = inf f. O

The asymptotic functions f9%, f* and f°°(-; \) are not convex in general
if f is not convex. In contrast, f7° is always convex, for any proper function

f. To see this, we first recall the notion of recession cone of an arbitrary set

[15,16].
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Definition 3.2 Let K be any nonempty subset of R™. Its recession cone is
the set

recK ={ueR": z+tue K, Ve e K, Vt>0}.

Note that K is not required to be closed or convex. If K is closed and

convex, then rec K = K, the usual asymptotic cone of K.

It is known (see [15, Exercise 6.34], or [16, Lemma 2.1]) that for any

nonempty set K from R”, the set rec K is always a convex cone.

A natural definition is the following.

Definition 3.3 Let f: R™ — RU {400} be a proper function. We define the

(generalized) recession function of f as the function f7¢¢:R™ — R for which

epi 7% := rec(epi f). (19)

The recession function is well-defined, as shown by the following proposi-

tion, which is useful to understand the nature of the g-asymptotic function.

Proposition 3.7 Let f : R® — R U {400} be a proper function. Then for

every u € R"

oo = sup sup LEEO IO e (20)
z€dom f t>0
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Proof Observe that

(u, ) € rec(epi f) <= (,\) + t(u,a) €epif, V (z,\) €epif, Vi>0
<~ (x+tu, f(z)+ta) €epif, Ve €dom f, V>0

— flr+tu) < f(z)+ta, Ve edom f, V>0

(RS DEF (G

<a, Vezedomf, Vi>0

+ tu) —
<= sup sup f@ u) — f(z) <«
r€dom f t>0 t

< (u, ) € epi f;°.

This shows that rec(epi f) = epi ¢ 80 [ is well defined and is equal to

I5- 0

As a result, we have:

Proposition 3.8 For any proper function f, its g-asymptotic function fg° is

CONVET.

Proof Set K := epif, by [16, Lemma 2.1] or [15, Exercise 6.34] we have that

rec(epif) = epif,° is convex. Thus, f° is convex. O

Remark 3.4 The A-asymptotic function g := f°°(-; \) satisfies

So(g) = rec(Sx(f))-
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Indeed, u € rec(S\(f)) is equivalent to x + tu € Sy(f) for all x € Sy(f) and

all ¢ > 0. This is equivalent to f(z +tu) < X, V& € Sx(f), V t > 0, that is,

) — A
sup sup LEF =X
2€SA(f) t>0 t

This in turn means u € Sp(g).

As seen in Proposition 3.6, the gx-asymptotic function f9% is very particu-
lar when the function f is proper, convex and lsc. However, in some situations,
even in this case, f7 gives us information about the behavior of the function

at infinity while other asymptotic functions fail to do so.

Ezample 8.3 Let f : R — R U {400} be the proper, lsc and convex function

given by f(z) = —v/z for z > 0, and f(z) = 00 otherwise. Here

fZ () = [ (u) = f7(u; A) =0, uw =0,

and no information about the unboundedness from below of f was detected.
On the other hand, for v > 0 we have f%(u) = —oo. Which means that f is

not bounded from below.

4 Applications in Optimization

In this section, applications for quasiconvex optimization problems are given.
We analyze the link between our new results with previous ones for the convex
case. We also show that our new asymptotic function has some properties that

previous quasiconvex asymptotic functions do not have.



20 Nicolas Hadjisavvas et al.

The next proposition is straightforward, since f and f9* have the same

infimum and f9* attains its infimum at 0.

Proposition 4.1 Let f : R® — RU {+oo} be a proper, lsc and quasiconvex

function. Then f is bounded from below iff f1* > —oc.

A characterization result for boundedness from below for convex functions
using first and second order asymptotic functions can be found in [10, Section
3.3].

The gz-asymptotic function characterizes the boundedness of a quasicon-
vex function as the next proposition shows. For the convex case, a related

result is [1, Proposition 2.5.5].

Proposition 4.2 Let f : R" — RU {400} be a proper, lsc and quasiconvex

function. Then f is bounded iff f9° is real-valued.

Proof If f is bounded, then obviously f?* is real-valued, by formula (14).
Conversely, assume that f?* is real-valued, then f is bounded from below
by the previous proposition. For showing that f is bounded from above, we
observe that since f* is real-valued, R™ = (J, oy Sk (f7*).

As the sets Si(f?") are closed, by Baire’s theorem there exists kg € N
such that the interior of Sk, (f?") is nonempty. Thus, there exist zo € R"
and € > 0 such that B(zg,e) C Sk, (f?). Now, let m € N be such that
m > max{f¥(—xg),ko}. Then —z¢g € S,,,(f9) and B(zg,e) C Spn(f?),

thus conv ({—xzo} U B(xg,€)) C Sy (f9%). It follows that 0 € int Sy, (f%*) and
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since S,,(f9%) is a cone, S,,(f9%) = R™. Since S, (f9%) = (Sm(f)), then

Sm(f) =R", so f is bounded from above by m and the result follows. O

Remark 4.1 We notice that the previous proposition does not hold for the ¢-
asymptotic function. In fact, set f : R — R given by f(z) = min{,/]z], 3},
which is continuous, bounded and quasiconvex. Here f2°(u) = +oo for all
u # 0. On the other hand, for the function f(z) = |z|, the function f2° is real

valued, but f is unbounded.

The next result provides a characterization of the nonemptiness and com-

pactness of the solution set of a lsc quasiconvex function.

Theorem 4.1 Let f : R® — R U {400} be a proper, lsc and quasiconvex

function. Then the following assertions are equivalent.

(a) argming. f is nonempty and compact.
(b) argming. f% is nonempty and compact.

(¢) f2®(u) > f9%(0) for all u # 0.

Proof Obviously (c¢) implies (b). If (b) holds and ug € argming, f?%*, then
tug € argming, f9% for all t > 0 since f9% is 0-homogeneous. Hence necessarily
ug = 0, so (¢) holds.

(¢) = (a): If (a) does not hold, then there exists a sequence () with

f(z) — infgn f and ||zk|] — +o0. By selecting a subsequence if necessary, we

may assume that 25, — u. For every A > infgn f we have that 2, € Sx(f)

for k large enough, so u € (Sx(f))™ = SA(f?*), that is, f9%(u) < X. Hence,

f?%(u) < infgn f = f7%(0), contradicting (c).
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(a) = (¢): Suppose for the contrary that (c¢) does not hold. It follows
that there exists u # 0 such that f%(u) < f9%(0) = infgs f. Then
U € Sinf f(f%) = (Sint £(f))°. Choose x € argming. f. Then z € Sint ¢(f).
Thus for every ¢ > 0, we have that x + tu € Sinss(f). This implies that

x + tu € argming, f, which contradicts the compactness of argming. f. O

Remark 4.2 Since for a proper, Isc and convex function f°°(0) = 0, the pre-
vious characterization for quasiconvexity is similar to the characterization (5).
Another similar characterization for quasiconvexity is (8) (see [9, Theorem

4.7]) since f7°(0) = 0.

In the next example, we study the quasiconvex quadratic case, that is the
case when the function f is given by f(z) := 3(z, Az) + (a,z) + o, where
A € R™" is symmetric, a belongs to R™ and « belongs to R. To that end,
we first recall that whenever f is quadratic, f is convex on R™ iff f is quasi-
convex on R™ (see [12, Theorem 6.3.1]). Thus, a quadratic function f can be
quasiconvex without being convex, only if its domain is a proper subset K of
R™. We say that f is merely quasiconver on K if f is a quasiconvex function
without being convex on K [12, page 120]. If int K is nonempty, a necessary
condition for a quadratic f to be merely quasiconvex is the existence of exactly
one simple negative eigenvalue of A (see [12, Remark 6.3.1]). The properties
of quasiconvex quadratic functions are investigated in depth in [12, Chapter

).

Ezxample 4.1 Let K be a nonempty closed, convex and proper subset of R™

and f: K — R a quasiconvex quadratic function f(z) = 1 (z, Az)+ (a,z) + a.
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As usual, we extend f to the whole of R™ by setting f(x) = +oco for z ¢ K.

Observe that if x € K and u € K°°, then
1
fle+tu) = f(z) + H(Vf(2),u) + 5t*(u, Au).

Accordingly, by Proposition 3.2,

rzeK t—+oo

f%(u) = inf lim (f(a:)—i—t(Vf(m),u}—i—;tZ (u,Au)).

— If (u, Au) > 0, then the limit equals +o0 for all x € K, so f7%(u) = +o0.

— If (u, Au) < 0, then f%%(u) = —o0, so inf f = —c0.

— If (u, Au) = 0, then the limit is +oo for all z € K such that (V f(x),u) > 0.
These x can be omitted from the calculation of the infimum. In case

(Vf(z),u) <0 for some z € K, then f9%(u) = —o0.

Thus, f9% is given by the following formula:

+0o0, if (u, Au) > 0,
—0Q, if <’U,7Au> < 0’
[ (u) =
— 00, if (u, Au) =0 and u ¢ {Vf(K)}",
inf z), if (u, Au) = 0 and u € {Vf(K)}".
zeK, (Vf(w),u):of( ) < > { f( )}
Remark 4.3

(i) Characterizations for the nonemptiness and compactness of the solution set
for quasiconvex quadratic functions are well-known. See for instance

[17, Theorem 4.6] where the authors use the g-asymptotic function.
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(#9) The term (u, Au) is exactly the second order asymptotic function fo°°

introduced in [17] (see [17, Example 3.5]).
We provide another classical example for a class of nonconvex functions.

Ezample 4.2 Consider the affine functions defined by h(z) = (a,z) + a and
g(x) = (b,x) + p with a,b € R and «, 8 € R, and the closed and convex set
K:={zxeR": g(x) >1}. Let f : R" — RU {400} be the linear fractional

function

h
ﬂ,ifIEK,

fa) =4 9@)
400, ifz ¢ K.

It is well-known that f is semistrictly quasiconvex on K and quasiconvex (see

[12,18]), and K> = {u € R™: (b,u) > 0}. Notice that, for u € K,

f®(u) = inf lim f(z+tu) = inf lim h(z) + t{a, )

. 21
zEK t—+00 zeK t—+oo g(z) + t(b, u) (21)

We have three cases:

(¢) If (b,u) > 0, then it is easy to see that f7%(u) = <a_’“>.
(#) If (b,u) < 0, then for ¢ sufficiently large, x + tu ¢ K so f(x + tu) = 4oc.
In this case, f9%(u) = +oo.
(#i¢) If (b,u) = 0, then again we have three cases: For (a,u) > 0 we find from
(21) that f9%(u) = +oo. For {a,u) < 0 we find f%*(u) = —oo. Finally, for

(a,u) = 0, relation (21) gives
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Before we introduce our next proposition, we remind that for a proper Isc
convex function, f*°(0) = 0 so f>°(u) < 0 is equivalent to f>(u) < f*°(0).
Also, for proper lsc quasiconvex functions, one has f9%(0) = inf f = inf f%* so

f%(u) < f9%(0) is equivalent to f%%(u) = f9%(0).

Proposition 4.3 Let f : R" — RU {400} be a proper, lsc and quasiconvex
function and u € R™. Then f%%(u) = f2%(0) iff for every x € domf, the

function t — f(xz +tu), t > 0 is decreasing.

Proof For u = 0 it is obvious, so we assume that u # 0.

(=) Take x € domf. Since f%*(u) = f9%(0) = inf f, we have f%*(u) < f(x)
sou € Sp)(f?*) = (Sf(x)(f))oo. From = € Sy, (f), for every t > 0 we have
that @ + tu € Sy (f), that is, f(x 4+ tu) < f(x). Thus, for every x € domf
and every t > 0 we have f(x+tu) < f(x). For every t' >t > 0, set 2’ := z+tu
and t” :=t' — t. Then we have f(z' +t"u) < f(2'), so f(z +t'u) < f(x + tu).
Consequently, the function ¢t — f(z + tu), t > 0 is decreasing.

(<) Assume that for each x € domf, the function ¢ — f(z + tu), t >0 is
decreasing. Suppose to the contrary that f(u) > f%%(0). As f2(0) = inf f,

we can choose x € domf with f(x) < f%®(u). Then
Fla) < f7() < lim_flz+ 1),

It follows that t — f(x +tu), t > 0 cannot be decreasing, a contradiction. 0O

Remark 4.4 If f is a proper, Isc and convex function, then the following

assertions are equivalent: f*(u) < 0; for each z € domf, the function
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t — f(x 4+ tu), t > 0 is decreasing (see [1, Theorem 2.5.2] and [19, Theorem
8.6]); for some (equivalently, for every) x € domf, limy i f (z + tu) < +o00.

Note that for a convex function, or more generally for a quasiconvex func-
tion, t — f(z+tu), t > 0 is monotone for large values of ¢, so the limit always
exist and the liminf or limsup used in [1, Theorem 2.5.2] and [19, Theorem
8.6] are not needed. In contrast with convex functions, if f is quasiconvex, it is
possible that t — f(z 4 tu), t > 0 is decreasing only for some z € domf. For
example, consider the quasiconvex function f(z) = min {||z|| — 1,0}, z € R?. If
e1 and ey are the usual basis vectors, then ¢ — f(ea+teq), t > 0 is decreasing,

while t — f(—ej + tey), t > 0 is not.

Now, we will recall [10, Theorem 3.1]. To this end, we first recall the fo-
llowing class of functions. As a consequence of [19, Theorem 8.6], this class

includes those functions that are convex or coercive.

Definition 4.1 ([10, Definition 3.1]) A function f : R"™ — RU {+o0o} is said
to be in C if for all z € domf and u € (domf)°, the function t — f(x + tu),

t > 0, is either unbounded from above or decreasing.
Now the mentioned theorem.

Theorem 4.2 ([10, Theorem 3.1]) Let F = (f1,...,fm) : R* = R™ be a
vector function with each f;, 7 =1,2,...,m, being a continuous, semistrictly
quasiconvez function belonging to C, and let K C R™ be closed and conver.
Assume that

Li:={ue K~: (fj)Zo(u) <0}, (22)
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is a linear subspace for all j € {1,2,...,m}. Then F(K) is closed.

Using the gz-asymptotic function, we can rewrite the previous theorem.

First, we express C in terms of f4%.

Proposition 4.4 A proper, lsc and quasiconvex function belongs to C iff for

every u € R, f9%(u) = 400 or f9%(u) = f1%(0).

Proof If for every u € R™ one has f9%(u) = 400 or f%%(u) = f2°(0), then by
Propositions 3.1 and 4.3, the function ¢ — f(xz + tu) is either unbounded or

decreasing for all z € dom f.

Conversely, assume that for each z € domf and u € (dom f)*°, the function
t — f(z + tu) is either unbounded from above or decreasing. Then also for
each u € R™ the function ¢ — f(z + tu) is either unbounded from above or
decreasing, because for u ¢ (domf)®, one has = + tu ¢ domf for ¢ large.
In fact, if this is not true, then there is a sequence t, — +oo such that
ZTp = = + tpu € domf. But then lim% = lim§ = u € (domf)*>, a
contradiction.

Now, assume that f7%(0) < f9%%(u) < +oo. Since inf f = f27(0), we
may choose x such that f(x) < f%(u). From Proposition 3.2 it follows that
lims s oo f(o + tu) > f%%(u) > f(z), so the function ¢ — f(z + tu) is not
decreasing. Also, for A > f9%(u), Definition 3.1 shows that u € (Sx(f))™ so
x +tu € Sy(f) for all t > 0. This means that ¢ — f(x + tu) is neither decrea-

sing, nor unbounded from above, a contradiction. a
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From the definition of f2® and Proposition 4.3, it is clear that for a proper,
Isc and quasiconvex function f, f7°(u) < 0 is equivalent to f9%(u) = f4%(0).

Using then Proposition 4.4, we can rewrite Theorem 4.2 as follows:

Corollary 4.1 Let F := (f1, fa,.--, fm) : R" = R™ be a vector function
with each f;, 7 =1,2,...,m, being a continuous and semistrictly quasiconvex
function. Let K C R™ be a closed and convexr set. Assume that for every
j € {1,2,...,m}, one has (f;)?(u) = +oo or (f;)%(u) = (f;)9(0) for all

u € K, and

(L))" :=A{ue K= (f;)"(u) = (f;)*(0)}, (23)

is a linear subspace for all j € {1,2,...,m}. Then F(K) is a closed set.

Notice that the same result was written only in terms of the gz-asymptotic

function and no class of functions was used.

5 Conclusions

The gx-asymptotic function has been proved to be useful to deal with the
family of quasiconvex functions. This function preserves important properties
and calculus rules, which were ensured only convex functions when the usual
asymptotic function is used. The applications show that the description of
the value of a quasiconvex function at infinity is enough for the study of the

boundedness of the function in the whole effective domain, for the characteri-
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zation of the nonemptiness and compactness of the set of minimizers, and also

for providing elegant sufficient conditions for closedness criteria.
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