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Abstract. In this paper, we introduce the class of multivalued relaxed
1+ quasimonotone operators and establish the existence of solutions of varia-
tional inequalities for such operators. This result is compared with a recent
result of Bai et al on densely relaxed pseudomonotone operators. A similar
comparison regarding an existence result of Luc on densely pseudomonotone
operators is provided. Also, we introduce a broad class of functions, called
relaxed quasiconvex functions, and show that they are characterized by the
relaxed g quasimonotonicity of their subdifferentials. The results strengthen
a variety of other results in the literature.
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1 Introduction

Let X be a normed space with norm || - || and dual space X*. Let K be a
nonempty convex subset of X and 7' : K — 2%\ {0} a multivalued operator.
The Stampacchia variational inequality problem for 7" is to find x € K such
that

Vye K, Ja* € T(z) : (z*,y —x) > 0. (1)

The usual assumptions for proving the existence of solutions for (1)
involve some kind of upper semicontinuity, and some kind of generalized
monotonicity for the operator T'. Various generalized monotonicity assump-
tions were used, such as: T is pseudomonotone (Refs. 1, 2); T is quasi-
monotone, single valued, and K has inner points (Ref. 3); T is properly
quasimonotone (Ref. 4); T is single-valued and densely pseudomonotone
(Ref. 5); T is quasimonotone (without any assumption on the existence of
inner points) (Ref. 6 ). A different kind of generalization, namely relaxed
monotonicity (or else weak monotonicity, or global hypomonotonicity) was
considered by various authors in relation with algorithms for finding a solu-
tion of variational inequalities or equilibrium problems; see, e.g., Refs. 7, 8.
However, in these papers existence of a solution of the variational inequality
was assumed rather than shown.

Recently, those different generalizations were combined and existence of
solutions of (1) was shown for the case of single valued, densely relaxed p
pseudomonotone operators (Refs. 9, 10).

In the present paper we will introduce the broader class of multivalued
relaxed p quasimonotone operators and establish the existence of solutions
of (1) for such operators. This is done in Section 2, where we also com-
pare our main result with a recently obtained result for densely relaxed
pseudomonotone operators (Ref. 10). With an analogous method, we in-
vestigate the relation of densely pseudomonotone operators introduced by
Luc (Ref. 5) to properly quasimonotone operators. In Section 3 we intro-
duce a broad class of functions, called relaxed p quasiconvex functions, and
show that they are characterized by the relaxed p quasimonotonicity of their
subdifferentials.

We fix the notation and introduce some definitions. Given z,y € X, we
will denote by [z, y] the line segment

{r+tly—=x):te|0,1]}.

A multivalued operator T : K — 2%\ {0} is called upper hemicontinuous
if its restriction to line segments of K is upper semicontinuous with respect
to the weak* topology of X*. If T' is single valued, it is called hemicontinuous



if its restriction to line segments of K is continuous with respect to the weak*
topology of X*. We denote by S(7', K) the set of solutions of the variational
inequality (1):

reST K)<=reKandVye K, 32" €T(z): (z*,y —x) > 0.

Also, we denote by LM (T, K) the set of local solutions (Ref. 6) of the Minty
variational inequality

reLM(T K)<~=xe€ Kand3U :Vyec KNU,Vy" € T(y), (y",y—x) >0

where U is a neighborhood of x.
The following definition generalizes Definition 2.1.(ii) of Ref. 10 to the
multivalued case. Let p > 0 be given.

Definition 1.1 A multivalued operator T : K — 2%¥"\{0} is called relaxed
p quasimonotone if for all x,y € K and z* € T'(x), y* € T(y), the following
implication holds:

(@ y—2)>0=(y",y—2) > —plly — |
We also introduce the relaxed Minty variational inequality
vy e K,y e T(y), (v'y —x) > —plly — | (2)

and denote by RM (T, K) the set of x € K that satisfy (2).
We recall that a set-valued mapping G : K — 2% is said to be a
KKM mapping if for any {z1,...,z,} C K, co{xy,...,z,} C |J G(x;), where
i=1

co{z1, ..., x, } denotes the convex hull of zy, ..., x,,. For the convenience of the

reader we reproduce the fundamental lemma of Ky Fan on KKM mappings
(Ref. 11).

Lemma 1.1 Assume that K is a nonempty compact convex subset of a
Hausdorft topological vector space X. Let Ky C K be nonempty and G :
Ky — 25 a KKM mapping. If G(z) is closed in X for each z in Kj, then

ﬂ G(x) # 0.

zeKy

2 Existence Result

We introduce the following definition. Let x> 0 be given.



Definition 2.1 An operator 7' : K — 2X"\{0} is said to be properly re-
laxed p quasimonotone if for all z,--- 2z, € K, and all € co{xy, - ,z,},
there exists i € {1,--- ,n} such that

Va* € T(x;), (2, z; — x) > —pllz; — z||%

Proposition 2.1 If T" is properly relaxed p quasimonotone then it is re-
laxed p quasimonotone.

Proof. Let z,y € K and x§ € T(x) be such that (z},y —x) > 0. Set
xy =x+t(y —x), t € (0,1). Since T is p properly relaxed quasimonotone
we have either

(%2 —20) > —p o — @], Yo" € T(z), ¥t € (0,1) (3)
or

Wy — ) 2 —plly —al*, ¥y € T(y), vt € (0,1). (4)
However, (3) implies that

(x5, y — ) < pt|ly —z|* vt € (0,1)

which clearly contradicts (xf,y — ) > 0. Thus (4) holds. Taking the limit
in (4) as t — 0 we deduce that

'y —2) 2 —plly —z|*, Vy* € T(y)
i.e., T is relaxed p quasimonotone. m

Lemma 2.1 Let K be a nonempty convex subset of a normed space X. If
T : K — 2%X"\{0} is upper hemicontinuous with weakly* compact values,
then RM(T,K) C S(T, K).

Proof. Assume to the contrary that there exists + € RM (T, K) such
that « ¢ S(T,K). Then there exists y € K such that (z*,y —2) < 0 for
all z* € T'(x). Since T'(x) is weakly* compact, there exists € > 0 such that
(x*,y —x) < —e for all z* € T'(z).

If we set

V={a"e X" : (z"y—x) < —¢}

then V' is an weak*— open set such that T'(z) C V. Set z; = ty + (1 — t)x,
t € (0,1]. By upper hemicontinuity, there exists 6 > 0 such that 7'(z;) C V
for all t € (0,0), i.e.,

(" y—x) < —e, ,Vte€(0,6), Va* € T(xy). (5)
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On the other hand, since x € RM (T, K), there exists a constant p such
that for all ¢t € (0,0) and all 2* € T'(z;) we have

(% 2y —x) =t (z",y — x)
> —p ||z — x|
= —ut* |y — |

ie.,
(0% y —a) > —pt |y — x| (6)
It is clear that for ¢ small enough, (5) contradicts (6). Therefore RM (T, K')
S(T\K). m
We deduce that the following alternative holds for every relaxed p quasi-
monotone operator.

Proposition 2.2 Let K be a nonempty, convex subset of a normed space
X and let T : K — 2X"\{0} be relaxed u quasimonotone. Then, one of the
following assertions holds:

(i) T is properly relaxed p quasimonotone;
(il) LM(T, K) # 0.

Proof. Suppose that T" is not properly relaxed p quasimonotone. Then

there exist x; € K, «f € T(x;),i=1,...,n and = € co{zy,xq,...,2,} such
that
(@}, i —x) < —plle — x|, i=1,...n
Since the functions (x},x; — -) + p|| - —;||* are continuous, there exists a

neighborhood U of x such that for every z € K N U,
(@7, 2 — 2) < —pllz — 2*. (7)

Since T is relaxed p quasimonotone, it follows that for every ¢ =1,...,n
and every z* € T(z),
(2", 2z —x;) > 0.

Using z € co{xy, z,...,x,} we deduce that
Ve KNU, V2" €T(2), (z*,z—x)>0.
This means that © € LM (T, K) thus LM(T,K) #0. =

The above alternative entails our main existence result.

Proposition 2.3 Let K be a nonempty, compact, convex subset of a normed
space X and let T : K — 2X"\{0} be relaxed u quasimonotone and upper
hemicontinuous with weakly* compact values. Then S(T, K) # ().
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Proof. According to the preceding proposition, we have either LM (T, K) #
() or that T is properly relaxed p quasimonotone. If LM (T, K) # () then we
know that S(T, K) # 0 (Ref. 6). On the other hand, if T' is properly relaxed
@ quasimonotone, define the multivalued mapping G : K — 2X"\{0} by

Glz)={y e K: (a5, x —y) > —pllz —y|*, Va* € T(x)}.

For every zy,...,2, € K and y € co{xy,zs,...,2,}, proper relaxed
quasimonotonicity implies that y € (J;_, G(z;). In addition, for each x €
K, G(z) is closed; thus, if K is compact, then for each z € K, G(z) is
also compact. By Lemma 1.1, one has [, G(z) # 0, which implies that
RM (T, K) # . Finally by Lemma 2.1 we obtain again S(T,K) # (. =

Below we derive a useful consequence for problem (1) over unbounded
sets. We will make use of the following coercivity condition for an operator

T:K — 25X\{0}:

Jp > 0 such that Vo € K\B(0, p),
Jy € K such that ||y|| < ||z] and (z*,2 —y) >0, Va* € T(x) (C)

Theorem 2.1 Let K be a convex unbounded subset of a normed space X
and let T : K — 2%¥"\{0} be upper hemicontinuous and relaxed y quasi-
monotone on K with weakly* compact values, satisfying coercivity condition
(C). Suppose that there exists p' > p such that K N B(0, ') is nonempty
and compact. Then S(T, K) # 0.

Proof. Set K, = K N B(0,p'). By Proposition 2.3, the set S(T, K,) is
nonempty. Choose zy € S(T, K,/). According to coercivity condition (C),
there exists yo € B(0, p') N K such that

(x*, 0 — yo) > 0, Va* € T(xy). (8)

(If ||zo|| < p' we can take yo = zy). Now, for every y € K, choose
t € (0,1) such that (1 —t)y + tyo € K. Since o € S(T, K, ), there exists
x* € T(xp) such that

(" (1 = t)y + tyo — zo) > 0. 9)
Multiplying (8) by t and adding to (9) yields
(x*,y —x0) >0

which means that zp € S(7,K). = B
Note that, in Theorem 2.1, the condition of compactness of K N B(0, p’)
is satisfied automatically if K is locally compact.
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In order to compare our results with those existing in the literature, we
recall some definitions. Given a convex subset K of X, a set Ky C K is called
segment-dense in K if for every x € K there exists g € Kj such that z is
a cluster point of the set [z, z¢] N Ky. Given u > 0, a single-valued operator
T : K — X*is called relaxed y pseudomonotone at x € K if for every y € K
the following implication holds

(T(z),y—z) > 0= (T(y),y —z) > —pllz —y|*. (10)

The operator T' is called densely relaxed p pseudomonotone if there exists
a segment-dense set Ky C K such that T is relaxed p pseudomonotone at
every x € Ky. In Ref. 10, it was shown that if K is compact and T is
single valued, hemicontinuous and densely relaxed p pseudomonotone, then
the variational inequality problem has a solution. In order to compare with
Proposition 2.3 we first show:

Proposition 2.4 Assume that the operator T : K — X* is densely re-
laxed i pseudomonotone and hemicontinuous. Then T is properly relaxed p
quasimonotone.

Proof. Suppose that T' is not properly relaxed p quasimonotone. Then
there exist xy,@9,...2, € K, x = > " Na; with A; > 0and Y A\ =1
such that

—p |z — x||? > (T(xy), 2 —z), i=1,2,...n. (11)

By assumption, there exists v € X and a sequence (tk)keN converging to
zero, such that T is relaxed ;i pseudomonotone at 2% = z +t*v, k € N. From
(11) follows that for k sufficiently large,

— Ha:k — leQ > <T(:vi),xi — xk> ,1=1,2,...n.
Since T is relaxed p pseudomonotone at z* we deduce that
(T (%), ; — 2*) < 0. (12)

For k sufficiently large one has z* € co{zy,zs,...7,}. Then (12) implies
<T(azk), Pk — xk> < 0, a contradiction. m

As the previous proposition shows, hemicontinuity together with densely
relaxed p pseudomonotonicity imply that T is properly relaxed p quasi-
monotone. In particular, T is relaxed p quasimonotone, thus the existence
result in Ref. 10 can be derived from Proposition 2.3. It should be noted
that properly relaxed p pseudomonotonicity implies that RM (T, K) # 0 (see
the proof of Proposition 2.3), hence the assumptions in Ref. 10 imply that
RM(T, K) # (. This is not the case when T is only relaxed u quasimonotone.
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Likewise, in Ref. 5 a single-valued operator 7' : K — X* is called
pseudomonotone at x € K if for every y € K the following implication
holds:

(T'(y),x —y) 2 0= (T(z),x—y) =0

The operator is called densely pseudomonotone if it is pseudomonotone
for every x in a segment-dense subset Ky of K. Note that the difference with
the definition of dense relaxed p pseudomonotonicity is not simply that one
takes © = 0. However, by a suitable modification of the proof of Proposition
2.4 we obtain a similar result.

Proposition 2.5 Assume that the operator T': K — X* is densely pseudomonotone
and hemicontinuous. Then T is properly quasimonotone.

Proof. Suppose that T is not properly p quasimonotone. Then there
exist x1,29,...2, € K, x = > " Na; with \; > 0 and > A\; = 1 such
that

(T(x;),x —x;) >0,i=1,2,...n.

By assumption, there exist v; € X and sequences (t¥)reny converging to
0 as k — +o0o, such that T is pseudomonotone at z¥ = x; + tfv. Set
b =5 NaF. Then zf — z; and 2% — z strongly and T'(z¥) — T'(x;) in
the weak* topology as k — o0, thus for k£ sufficiently large,
(T(af), 2" —af) >0,i=1,2,...n

i
Since T is pseudomonotone at ¥ we deduce that
(T(z"), 2" —af) > 0.

From the definition of 2* we infer that (T'(z*),2* — 2*) > 0, a contradic-
tion. m

3 Relaxed quasiconvex functions

In this section, nonsmooth relaxed quasiconvex functions will be introduced.
We will show that they are characterized by the relaxed quasimonotonicity
of their subdifferential.

Throughout this section, X denotes a Banach space with a J-smooth
renorming (Ref. 12). Given a l.s.c. function f : X — RU{+o0}, df denotes
any subdifferential of f (see Ref. 12). We need the following approximate
mean value inequality result from Ref. 12.



Lemma 3.1 Let a,b € X with a € dom f and a # b, and let € R be such
that » < f(b). Then there exist ¢ € [a,b], ¢ # b, and sequences z,, — ¢ and
x) € 0f(xy,) such that

liminf(z),c—x,) >0 and liminf(z),b—a)>r— f(a).

n—-+00 n—-+00

Definition 3.1 A Ls.c. function f: X — RU {400} will be called relaxed
1 quasiconvex if for all z,y € X the following implication holds

Jz* € Of (z) : (2", y—x) > 0= Vz € [7,y], f@ﬁiﬂ@—Mw—zmwzxw
13

In order to understand the above definition, it is useful to compare it with
the characterization of quasiconvex functions in Ref. 13: A Ls.c. function is
quasiconvex if and only if

dz* € df(z): (a*,y—x) >0=>Vz € [x,y], fly) > f(2).

Proposition 3.1 Let X be a Banach space with a d-smooth renorming and
f: X = RU{+o0} be a Ls.c. function. If 9f is relaxed p quasimonotone,
then f is relaxed p quasiconvex.

Proof. Suppose that df is relaxed p quasimonotone. Let x € dom df,
y € dom f, x #y, and z € [z,y], z # y be such that

fly) < f(z) —plly =zl lly — =] .

Then we can find gy > p such that

@) > f) +polly — 2l ly — =

Letting r = f(y)+uo ||y — 2| ||y — =|| and applying Lemma 3.1 to y and z,
we can find ¢ € [y, 2], ¢ # z and sequences x,, converging to c and = € df(x,)
satisfying

liminf(z), ¢ —x,) >0 and liminf(z),z—vy) > uolly — 2| lly — | .

n—-+00 n—-+oo
Letting u = ¢+ t(z — y) with ¢ > 0, we find

limJirnf@:L, U— Ty) > liminf@z, c—Tn) + liminft@’:“ z—1)

= 0+ tpo fly — 2l ly — =
= o |Ju = |l [ly = =|-



In particular, taking u = = we deduce

lim inf (27, & — 2n) > po [lz — cf| [y — =]
n—-+o0o

> unlim |z — x|

— 400
since lim,, ;o0 |2 — 25| = ||z — ¢|| < ||y — z||. Hence, for n sufficiently large,
(o = wn) > p |z — |

By relaxed p quasimonotonicity of df, we have
Va* € 0f(z) : (", x —x,) >0
for n sufficiently large. Letting n — +o0, it follows that for all z* € df(z)
(x*,x—c)y >0,

and so
(%2 —y) =llz =yl / |z — cl[[(z*, 2 —c) > 0.

Thus, 0f is relaxed p quasiconvex, and the proof is completed. =
The converse of Proposition 3.1 also holds for a fairly large class of sub-
differentials. Consider the so-called “dag subdifferential” (Ref. 14 ):

01 f(w) == (o € X ¢ (2" 1) < imsnp 7O HHET 2 W) 2 W)
t\0,w—z

, Yve X}

The dag subdifferential is larger than most known subdifferentials. For
instance, it is larger than the Gateaux subdifferential, the upper Dini subd-
ifferential, the Clarke-Rockafellar subdifferential etc. Consequently, it is also
larger than the proximal subdifferential and the Fréchet subdifferential.

Proposition 3.2 Assume that 0 is any subdifferential such that df(x) C
O f(x), for every x € X. If f is relaxed p quasiconvex, then df is relaxed
quasimonotone.

Proof. Obviously, it is sufficient to show that Off is relaxed p quasi-
monotone. Assume that f is relaxed p quasiconvex. Let (z*,y — z) > 0 for
some z* € J'f(z). Then (z*,w — z) > 0 for every w € X sufficiently close
to y. Relaxed p quasiconvexity of f implies

flw +t(z —w)) = f(w) < pt |w —||*, ¥t € [0,1].
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So, for all y* € 97 f(y),

. flw+tlx—y+y—w) — flw)
*x—y) < limsu
(y y) limsup .

< limsup g [|w — |
t\0,w—y

2
= plly — |,

ie.,

which implies 97 f is relaxed p quasimonotone. This completes the proof. m
Especially, if f is a Gateaux differentiable function, and if we set z = x

in the right-hand side of (13), then from Proposition 3.1 we also get the

following property: if Vf is relaxed i quasimonotone, then there exists a

v > 0 such that the following implication holds:

(Vf(@),y—2)>0= fly) = fo) = vz —y|" (14)

(Actually, v = u). The following example shows that a differentiable
function f may satisfy (14) while V f is not relaxed p quasimonotone for any

Lb.

Example 3.1 Let f; : [0,400) — R be a function with the following prop-
erties: 0 < fy <1, fy is differentiable on [0, +-00) with f{ > 0 and f{(%) = n®.
See the end of the example for the construction of such a function. Define
f:R—Rby
—22(1+ fi(z)), x>0
f(:c) — { ( 2f1( ))

—x°, x <0.

This function is differentiable and

—2x(1+ fi(x)) —22f{(z) <0, x>0
fl(x)y=< 0, =0
—2x >0, z<0.

We show that f satisfies (14). Assume that f'(z)(y—=z) > 0. If f'(z) > 0,
then x <O and y > x. If <y <0 then

fly) =—y* > -2 = 2(y — x)*.

If y > 0 then
fy) == 1+ fily) > =2¢* > —2® = 2(y — x)*.

11



In the second case f'(x) < 0, we have z > 0 and y < x. If y < 0 then
fly)=—y* > —a® = (y —2)* > —2*(1 + f1 (2)) = 2(y — 2)*.

Finally, if 0 < y < z, then f{ > 0 implies that fi(y) < fi(z) thus

fy) = f@) = (@ =) (1 + fil2)) > —2(y — 2)*.

Thus, (14) holds with ¥ = 2. On the other hand, f’ is not relaxed pu
quasimonotone for any u. Indeed, assume that f’ is relaxed p quasimonotone.
For every y > 0 and every x < 0 one has f'(x)(y — ) > 0 thus we should
have

f'(y) = —ply — ). (15)
Taking y = % we find

1 1 1
(=) > —=fi(=)=—n— —c0.
)= =5 fi()
Thus it is clear that (15) is not possible.
A note on the construction of the function f;: set I, = [% - ﬁ, % #] .
These intervals are disjoint. Let g be any continuous nonnegative function

such that ¢ = 0 on R\{J,5,, and on each I, takes its maximum value at
+ with g(£) = n®. This g is integrable with [ g < > . n’ss = 7{—; < 1.

n 2nb

Finally, define f; : [0,400) — R by

filz) = /Ox g(t)dt.

This function f; has all desired properties.
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