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Maximal monotonicity of bifunctions
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For each monotone bifunction F' defined on a subset C of a Banach space, an associated monotone op-
erator AF can be defined. The bifunction F is called maximal monotone if A¥" is maximal monotone.
We find conditions for a bifunction to be maximal monotone and show the relation to the existence
of solutions of an equilibrium problem. Also, we establish some properties of the domain C when F'
is maximal monotone. Finally, we define and study cyclically monotone bifunctions.
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1 Introduction

Given a nonempty subset C' of a Banach space X, by the term “bifunction”
we understand any function F' : C' x C' — R such that F(z,z) = 0 for all
x € C. A bifunction F' is called monotone if

Vz,y € C, F(z,y)+ F(y,z) <0.
Monotone bifunctions were systematically studied in the seminal paper by

Blum and Oettli [1] in relation with the following equilibrium problem: find
xo € C such that

VyeC, F(zo,y)=0.
The equilibrium problem unifies a lot of different problems in Optimization

and Nonlinear Analysis (see [1] for a detailed presentation) and for this reason
the existence of solutions for equilibrium problems was studied in a large
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number of papers. Recently, there were many papers devoted to algorithms
for finding such solutions, see, e.g., [2-6].

In the present paper we study monotone bifunctions from another viewpoint.
To each bifunction I corresponds a monotone operator A" defined by A% () =
OF(x,-)(x). A monotone bifunction I will be called maximal monotone if A% is
maximal monotone. Our aim is to study some properties of maximal monotone
bifunctions, with regard to their domain of definition, equilibrium problems,
cyclic monotonicity etc.

In Section 2 we define maximal monotonicity of bifunctions, and show the
relation between this notion and a notion of resolvent for bifunctions. In Sec-
tion 3 we give several kinds of criteria that guarantee maximal monotonic-
ity of bifunctions. In Section 4 we investigate some consequences of maximal
monotonicity regarding the set C'. In particular, we give general conditions
that guarantee that C is convex or that int C' = int D(A®). Finally in Section
5 we introduce and study cyclically monotone bifunctions. It is shown that
a bifunction F' is cyclically monotone if and only if there exists a function
f: C — R such that F(z,y) < f(y) — f(x) for all z,y € C. If in particular
F is maximal monotone and int C' # (), then f is uniquely defined up to a
constant and convex on int C.

As the results of the paper show, maximal monotone bifunctions have some
properties that can be expected from similar properties of maximal monotone
operators, but we provide several examples to show that other properties that
seem plausible are not, in fact, true.

In the following, X will denote a reflexive Banach space X equipped with a
norm such that both X and X* are strictly convex (by Troyanski’s theorem,
any reflexive Banach space can be renormed with an equivalent norm so that
both X and X* are locally uniformly convex, and this implies strict convexity;
see [7]). In this case the duality map

J@)={a" € X*: (", 2) = |lal)” = |o"|”}

is single-valued, surjective, odd, strictly monotone and demicontinuous (i.e.,
continuous when X and X* are equipped, respectively, with the strong and
the weak topology) [7]. We denote by B the open unit ball of X. For any
multivalued operator A : X — 2X" we denote by D(A) its domain and by gr A
its graph. Given any function f : X — R U {+oco} (not necessarily convex)
with domain dom f, its (Fenchel Moreau) subdifferential is defined as the
multivalued operator df where

{zreX*:VyeX, fly)— f(z) > (z*,y—x)},x € dom f

— Y
f(z) = { 0, x ¢ dom f
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A function f : C — R is called upper hemicontinuous if its restriction on
each line segment of C' is upper semicontinuous. An operator A : X — 2%’
is called upper hemicontinuous if its restriction on each line segment of D(A)
is upper semicontinuous (as a multivalued map) with respect to the weak*
topology in X*.

2 Maximal monotonicity of bifunctions

Let F : C x C — R be a monotone bifunction. Following [8], we define the
operator AF : X — 2X" as follows:

AF( )_ {x*GX*:VyEC,F(x’y)2<$*’y_x>}’ifmec
V=90, itz € X\C.

In fact, if we define an extension F of F on C' x X by setting F(m, Yy) = 400
for z € C, y € X\C, then we see that AF(x) = F(z,-)(x) for all z € C.
In the special case where F'(z,y) = ¢(y) — ¢(z) where ¢ is any function with
dom ¢ = C, one has AF = 9¢. However, in general AF is not defined as the
subdifferential operator of a unique function since for each z € C, F(z,-) is a
different function. Nevertheless, one can show that A’ is monotone with the
same proof as for the subdifferential of a unique function [8]. Note that just
as with subdifferentials, the values of A are convex and closed.

Definition 2.1 A monotone bifunction F is called maximal monotone if A
is maximal monotone.

The previous definition of maximal monotonicity for bifunctions differs from
the one initially given by Blum and Oettli [1]. We recall that a monotone
bifunction F' : C x C' — R is called maximal monotone in the sense of Blum
and Oettli [1] (briefly, BO-maximal monotone) if for every (z,2*) € C' x X*
the following implication holds:

Vy S Cv F(y,x)+<:v*,y—x> SO = Vye Ca F(x,y) 2 (x*,y—m). (1)

We provide an example of a monotone bifunction F' which is BO-maximal
monotone and such that D(A) = ().

Example 2.2 Let f: X — R be any odd function which is not a member of
X*. Define F': X x X — R by F(z,y) = f(y — ). Then F' is monotone. It is
obvious that F' is BO-maximal monotone (in fact, there is no (z,z*) € X x X*
that satisfies either side of implication (1)). Assume that * € A¥(z) for some
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x € X. Then for all y € X,

fly) =F(z,y+ ) > (z"y).

Applying the above relation to —y, we deduce that f(y) = (z*,y) thus
contradicting our assumption that f is not a continuous linear functional. For
instance, if F: R x R — R is given by F(z,y) = (y — x)°, then D(AF) = 0.

See [8], as well as Proposition 3.3 for the relation between the two definitions
of maximal monotonicity.

For each A\ > 0, the obvious identity A" = XA implies that F' is maxi-
mal monotone if and only if A\F' is maximal monotone. Also, if F' is maximal
monotone and G : C x C — R is a monotone bifunction and F' < G, then G
is also maximal monotone.

Given any monotone operator T : X — 2X7 it is easy to check that for
z,y € D(T),

sup (z*,y —x)+ sup (y*,z—y) <0
€T (x) y*€T(y)

and in particular sup,.cp(g) (z*,y — ) € R. Thus the bifunction Gr : D(T) x
D(T) — R defined by

Gr(z,y) = sup (z",y—x) (2)
z* €T (x)

is monotone and satisfies Gr(z,z) = 0, Vo € D(T). We have the following
easy proposition, which shows some consistency of our definitions.

ProprosITION 2.3 If the operator T is maximal monotone then Gt is maximal
monotone. In fact, AST =T.

Proof Set T := A®T. Assume that T is maximal monotone. If z € D(T),
x* € T(x) then for each y € D(T), Gr(x,y) > (x*,y — x) by the definition
of Gr. This means that z* € f(az), hence T is an extension of T, i.e., T is
maximal monotone. This means that G7 is maximal monotone. O

Note that the converse does not hold in general, as it is possible to have G =
Gg for two monotone operators T' and S, while T' # S. For instance if T is
maximal monotone and S is any operator different from 7" such that coS(z) =
T(z) for all z € X, then Gg = G hence Gg is maximal monotone, while S is
not. Another example: T is the operator with domain D(T") = [0, +00) defined
by T'(x) = {0}, V& € [0,4+00). Then Gr : [0,400) x [0,+00) — R is given by
Gr(z,y) = 0if z € [0, +00) and AT is given by A7 (x) = {0} if 2 € (0, +00)



N. Hadjisavvas and H. Khatibzadeh 5

and A97(0) = (—o0,0]. Thus, A9T and G7 are maximal while T is not. Note
that T has closed convex values. On the other hand, it is easy to see that the
converse of Proposition 2.3 holds under assumptions that exclude the above
examples:

PROPOSITION 2.4 Assume that T is monotone, has closed convex values, and
D(T) = X. If Gy is mazimal monotone, then T is maximal monotone.

Proof By assumption, A®" is maximal monotone. For each € X and z* €
AG7 () one has

Yy € X, sup (z",y—z) > (z",y —x).
z*€T(z)

By an immediate consequence of the separation theorem, the above inequal-
ity implies that z* € T(z). Hence A97 () C T(z) and by maximality of AGT
we deduce that T is maximal monotone. O

Given a maximal monotone bifunction F, one can construct AF and the
monotone bifunction G := Gar. One has G(z,y) < F(x,y) for all z,y €
D(AT). According to Proposition 2.3, AT = A%, As the following example
shows, in general F' and G are not equal, thus showing that the correspondence
F — AF is not one-to-one.

Example 2.5 Let F : R x R — R be defined by F(x,y) = y?> — 2. Then
AF(z) = {22}, hence F is maximal monotone. One has G 4r (x,y) = 2x(y —z).
Note that F' and G := G4r are both maximal monotone, A¥ = A% but
G(z,y) < F(z,y) unless x = y.

The idea and a proof of the following proposition is in essence contained
in [8]. We include a short proof for the sake of completeness.

PROPOSITION 2.6 A monotone bifunction F is maximal monotone if and only
if for each A > 0 (equivalently, for some X > 0) and each x € X there ezists
x) € C such that

Vye O, AF(zyy)+ (T(xr—z),y — 1)) 2 0. (3)

This element x) is uniquely defined.

Proof Tt is known that a monotone operator 7' is maximal monotone if and
only if for each x € X there exists 2’ € X such that 0 € J(2' — z) + T(2);
this element 2’ is unique in case J is strictly monotone [7, pg 324], which is
true under our assumption that X and X™ are strictly convex. Applying this
to AAF" for some A > 0, we get that AF is maximal monotone if and only if for
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each x € X there exists a unique z) € X such that 527 (z\ — 2) € AF(z)).
This is obviously equaivalent to (3). O

Note that (3) implies that for every x € X, x)\ € D(A). The operator
JE X — D(AF) defined by J¥'(z) = x, is called the resolvent of F. Hence
the resolvent satisfies the following equation:

Vo e X,VyeC, AF(Ji(z),y)+ (T (Ji(x)—2),y—Ji(z))>0. (4)

3 Criteria for maximal monotonicity

We now give a condition that guarantees maximality for F'. See also [1] and [8].

ProprosiTION 3.1 Let C C X be nonempty, closed and convex. If F is
monotone, F(-,y) is upper hemicontinuous (i.e., upper semicontinuous on line
segments) for all y € C and F(x,-) is convex and l.s.c. for all x € C, then F
1s mazximal monotone.

Proof For any A > 0 and 2 € X define the bifunction FM* : C' x C' — R by
FM(z,y) = AF(z,y) + (T (z —2),y — 2). (5)
This bifunction is monotone since

FM(z,y) + FM(y,2) = MF(2,9) + F(y,2)) + (T (z —2) = T (y — ),y = 2)
<—(JG-2)-Jy—=),(z—2)—(y—=)) (6)
< —(llz = [l = [ly — =[)*.

Also, it is evident that FM?(z, -) is convex and Ls.c. for all z € C. In addition,
FM®(.,y) is upper hemicontinuous for all y € C since J is demicontinuous.

Finally choose any zy € C. Since FM(zp, -) is convex and Ls.c., it has an affine
minorant; i.e., there exist z* € X* and a € R such that

Yy e, FM(z,y) > (z"y) +a. (7)
Combining (7) with (6) we deduce that whenever C' is unbounded, one has

lim  FM(y, z) = —oc.
llyll—+o0

Hence, all assumptions of Theorem 1 in [1] are satisfied and the equilibrium
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problem
VyeC, F»(z,y) >0

has a solution. The result follows from Proposition 2.6. O
The above proposition can be generalized as follows:

PROPOSITION 3.2 Let C C X be nonempty, closed and conver. Assume that
F(-,y) is upper hemicontinuous for all y € C and F(x,-) is convex and l.s.c.
for all x € C. Further, let G : C x C — R be another monotone bifunction
such that G(-,y) is u.s.c. for ally € C, G(x,-) is convex for all x € C, and for

all y € C, lim SUP| || =00 % < 4+o00. Then F + G is mazximal monotone.

Proof Define FA* as in the proof of the previous proposition. Then using (6),
(7), and our assumption on G we deduce that there exists M € R such that

F(y, 20) + AG(y. 20) < — ({z",9) + @) = (llz0 — || = |y — z[)* + AM |y

for sufficiently large ||y||. Hence

lim <FA’I(?J7 20) + )\G(yazo)) = —00
llyll—+o0

We deduce again that all assumptions of Theorem 1 in [1] are satisfied and
the equilibrium problem

Yy e O, FM(zy)+AG(z,y) >0 (8)

has a solution. As before, the result follows from Proposition 2.6. O

The following proposition was also shown in [8] in the special case G = 0.
Here we provide a shorter proof for the more general case.

PrOPOSITION 3.3 Assume that C is nonempty, closed and convexr and F,
G are monotone bifunctions such that: F is BO-mazimal monotone, F(x,-)
is l.s.c. and convez, G(-,y) is upper semicontinuous, G(z,-) is conver and

lim Sup)j; | - 400 % < 4o00. Then F + G is mazimal monotone.

Proof Choose zy € C. Since F(zg,-) is convex and l.s.c., there exist z* € X*
and a € R such that

VyeC, F(z,y) > (z",y) +



8 Maximal monotonicity of bifunctions

It is clear from our assumption on G that for each x € X,

lim (<Z*v’y> +a—Gy,20) —(T(y—=),20 — ) +[ly — :Jc||2) = +o0.

lyl|—+o0

Hence for ||y|| large enough,

F(zo,y) > (z",y) + &> Gy, 20) + (T (y — 2), 20 — @) — |ly — ||
=G(y,20) +(T(y —x),20 — ¥) -

If we set g(z,y) = F(z,y) and h(y,z) = G(y,2) + (T (y — x),2 — y), we see
that all assumptions of Theorem 1A in [1] are satisfied. Hence the equilibrium

problem (8) has a solution, and the result follows again from Proposition 2.6.
([

The above propositions provide a large class of maximal monotone bifunc-
tions. However, as the following example shows, this class is not exhaustive:

Example 3.4 Let F': R~ x R~ — R be given by F(z,y) = (22 — y?). Then
F is monotone. A can be readily calculated:

—222}, ifx <0
Al(w) = {{R+, i}fa::O.

It is obvious that A is maximal monotone. Now define F} : R~ x R~ — R
by

F(z,y), y
Fi(z,y) = {_512’ z
2

Note that for (z,y) € R~ x R™, —22%(y — 2) < Fi(z,y) < F(z,y) (in

fact, we have only to check the inequalities when 3 < y < 0; in this case,

Fi(z,y) < F(z,y) is equivalent to %—%%4—1 > 0, which is true for 0 < £ < ).
It follows that Fj is monotone and —22? € Afi(z). Thus, [} is maximal

monotone. Finally, Fi(z,-) is continuous but is not convex since Fi(z,§) =

323> 23 = 1Fy(2,0) + 3 Fy (2, 2).

Whenever F' is defined on the whole space, we have another criterion for
maximality:

PROPOSITION 3.5 Assume that F': X x X — R is upper hemicontinuous with
respect to the first variable, monotone, and D(AF) = X. Then F is maximal
monotone.
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Proof Given x € X, consider any straight line [ through x, any sequence
{x,} C I converging to x and any z € Af(z,). Since A" is monotone and
defined everywhere, it is locally bounded, hence there exists a subsequence z;,
weakly converging to some x* € X. Then

Yy e X, F(x,y) > limsup F(xy,,y) > limsup<a;7*wy — xn> = (z",y—x).

1——+00 1——+00

It follows that 2* € AF(x). This means that for every straight line [, A :
I — 2% is ws.c. (see for instance Prop. 2.19, pg 41 of [7]) i.e., AT is upper
hemicontinuous. Since AF" has weakly closed and convex values, it follows from
Theorem 1.33, pg 309 of [7] that AF is maximal monotone. O

4 Properties of maximal monotone bifunctions

PROPOSITION 4.1 Let F': C x C' — R be mazimal monotone. Assume that for
every x € C' and any converging sequence {x,} C C, the sequence {F(x,xy)}
is bounded from below. Then C C D(AF). In particular, C is convez.

Proof Using Troyanski’s theorem [7, page 30] we can renorm X so that both
X and X* are locally uniformly convex. For each x € C, set ) = Jf(:ﬂ) Then
A1 (z\ —2) € AFxy, hence for all (y,y*) € gr A" we have

1
<y*+)\j(ac>\—x),y—m>\> > 0. 9)
We deduce that

lex = 2* < AMy"y —2) + Ay = a3) + (T (@n — )y —2).  (10)

It follows that for every sequence A, — 0%, x, is bounded. Thus there
exists a subsequence (which we denote again by \,) such that z) is weakly
converging to some Z. Since the space X is reflexive and A is maximal, we
know that D(AF) is closed and convex, hence weakly closed, so T € D(AF).

We consider two cases. If some subsequence of x), strongly converges to z,

then x =T € D(AF) and we are finished. Otherwise, using (10) we get

2
lzx, =27 < Anlly" [ ly = 2l + A ly* I 2 = 2a, |+ llza, — 2l ly — =]



10 Maximal monotonicity of bifunctions
hence

An [y lly — |

[E5)
[z, — |l

—z| <

n —=

+ A lly*l + lly =l (11)

By taking the limit we obtain

|7 — || <liminf [lzs, — | < |ly —=[|, vye DA
n—-+o0o

= |7 — zf| < liminf |2y, —zf| < [ly— 2|, Vye D(AF)
n—-+00 )

Taking y = T we deduce that ||[T—z| = liminf, .4 |zx, — |
Thus, taking a subsequence if necessary, we can assume that |7 —z| =
limy,— 4o ||za, — z||. Since X is locally uniformly convex, it has the Kadec-
Klee property [7], hence we deduce that x5, — T strongly. Using (3) we infer

|z — xnll” < MF(2n,,2) < —AF(2,2),).

By our assumption on F we obtain ||z — Z||* < 0 hence # = . This contradicts
our assumption that no subsequence of x) strongly converges to z. Since
D(AF) € C C D(AF) and D(AF) is convex, we infer that C = D(AF) is

convex. O

COROLLARY 4.2 Assume that C is closed, F is mazximal monotone, and that
for every x € C, F(xz,-) is l.s.c.. Then C is conver and C = D(ATF).

Proof Trivial application of the proposition. O

COROLLARY 4.3 Assume that C is convex, F is maximal monotone, and that
for every x € C, F(x,-) is convex and l.s.c. at some point yo € C. Then
C C D(AF).

Proof Givenx € C, set f(y) = F(z,y) fory € C and f(y) = +oo fory € X\C.
Then f is convex, and also l.s.c. at yg. It follows that its biconjugate f** is
proper, since f**(yg) = f(yo). Hence, f** (and also f) are bounded below by
a continuous affine function. Thus all assumptions of the previous proposition
are satisfied. O

PROPOSITION 4.4 Assume that C is convex, and that F(z,-) is convex and
Ls.c. for every x € C. Then int C' = int D(AT).

Proof The assertion is obvious whenever int C = (). Assume that int C' # 0.
For each xg € int C, the convex function F(xg,-) is continuous at zp, hence

OF (g, -)(x0) # 0. This means that A (z¢) # 0, hence int C C D(AF). O
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Definition 4.5 A bifunction F is called locally bounded at a point zp € X
if there exists a neighborhood V' of zp and k € R such that F'(z,y) < k for all
z,yeVndC.

We obtain the following version of Proposition 4.1 using local boundedness:

PROPOSITION 4.6 Assume that gis convex and F is maximal monotone and
locally bounded at every point of C. Then C C D(AF).

Proof As in the proof of Proposition 4.1 we renorm X, and then set for every
z € C, z\ = JI'(z) and choose a sequence \, — 07. We obtain again that
either there exists a subsequence of x), strongly converging to x, in which
case € D(AF), or there exists a subsequence, which we denote again by x |,
strongly converging to some element Z € C. Since F is locally bounded at z,
there exists a neighborhood V' = Z + 2¢ B of  and k € R such that for every
z,2 € VN C one has F(z,2') < k. Assume that  # Z. Choose ¢ € (0, 1) such
that z :== T+t (x — ) € T +eB. Let n be large enough so that z), € T +¢eB.
Set z), =z, +t(x —xy,). Then

Iz =20, = I(L = )(Z =2, <e

Hence ||z), — Z|| < 2¢. Since C is convex, zy, € C. Setting y = z), in (3) we
obtain

(T(x—2zx,), 20, —22,) < MF(z2,,20,) < Ak

Taking the limit as n — 400 we observe that z), — x), — 2z — ¥, hence
demicontinuity of J implies (J(z — ),z — z) < 0. Since z — T = t(x — T) we
obtain ||z — Z||* < 0 which contradicts the assumption z # &. Hence z = & €
D(AF). O

Whenever F' is locally bounded on int (', we can deduce that intC =
int D(AF) without assuming that F(z,-) is convex:

PROPOSITION 4.7 Assume that F' is mazimal monotone and locally bounded
on int C' and that C C D(AF). Then int C = int D(AF).

Proof Given xp € int C, let £ € R and € > 0 be such that xy 4+ 2¢B C C' and
F(z,y) <k for all z,y € xg+ 2¢B. Then xy € D(AF) since C C D(AF). For
any © € D(AF) N (29 +eB), all 2* € AF(z) and all v € eB we have

(¥ 0y = (" x+v—2z) < F(z,x+v) <k

since z + v € =x¢ + 2¢B. Hence for every * € D(A) N (zo + eB),
SUPg-car () ll2¥]] < k/e. It follows that AT is locally bounded at zg. By the
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Libor-Vesely Theorem [9], zg € int D(AF). Hence, int C' = int D(A"). O

If F:CxC — Ris a bifunction and zg € C is a solution of the equilibrium
problem for F on C)| i.e.,

Vy e C: F(xg,y) >0

then it is obvious that 0 € A (zg), i.e., 29 is not just a solution for the
variational inequality problem for A" on C, but also a zero of A”. However,
usually we want to solve the equilibrium problem on a closed convex subset K
of C. If we denote by Fi the restriction of F on K, then in general Af* #£ AF
on K. For instance, if C = R, F(z,y) = z(y — z), A" () = {2} and we choose
K =11,2], then

(=00, 1], if z =
Al (z) =< {x),ifz € (1,2)
[2, +00), if z = 2

Note that A% is maximal monotone. The solution of the equilibrium prob-
lem for F on K is 1. As expected, 0 € A% (1) while 0 ¢ A" (1). The following
proposition shows that maximality of A% follows from a qualification condi-
tion:

PROPOSITION 4.8 Let F' : C x C — R be mazimal monotone and K C C
be a closed convex set such that 0 € int(K — D(AY)). Then Fy is mazimal
monotone and AT (x) = A (x) + Nk (x) for all x € K, where

Ng(z) ={z" € X" :Vy € K, (z",y —x) <0}

1s the normal cone to K at x.

Proof The subdifferential 0dx of the indicator function dx of K is a maximal
monotone operator and it is known that 0dx(x) = Nk (x) for every = € K,
while 96k (7) = () for x € X\ K. Since AF is also maximal monotone, it follows
from our assumptions that A” 4+ ddy is maximal monotone [10]. It is clear that
D(AY +06) C K. For every € D(AF +00x) and x* € (A + 05 )(x) there
exist 27 € AF(z) and x5 € Ng(x) such that x* = 2} + x5. Thus for every
yekK,

F(z,y) > (21, y —x) > (2],y —x) + (23, y —x) = (2*,y — ).

Hence (AF + 06k )(z) C Afx () for all 2 € X. The proposition follows since
AF + 96k is maximal monotone. O
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5 Cyclically monotone bifunctions

We can define cyclic monotonicity as follows: A bifunction F is called cyclically
monotone if

Vai,x9,...,xn € Cy,  F(x1,22) + Fx,23) + ... + F(xn, Tp+1) <0
where x,,11 := x1. The following proposition provides a necessary and sufficient

condition for a bifunction to be cyclically monotone.

PROPOSITION 5.1 A bifunction F : C' x C' — R is cyclically monotone if, and
only if, there exists a function f: C — R such that

Vw,yGC, F(J},y) Sf(y)_f(l') (12)

Proof The “if” part is trivial. To show the “only if” part, we follow Rockafel-
lar’s proof for the representation of cyclically monotone operators via subdiffer-
entials of convex functions [11], which we include for the sake of completeness.
Assume that F is cyclically monotone. Choose any xg € C and define f on C
by

f(x) = sup{F (w0, x1) + F'(21,22) + - + F(2n, )} (13)

where the supremum is taken over all families of elements z1,xo,...,z, in C,
for all n € N. Since

F(zo,z1) + F(z1,22) + -+ F(zp,x) + F(x,20) <0

we deduce that f(z) < —F(z,x0) and in particular f is real valued. Also, for
any z,y € C and z1,29,...,z, € C,

F(zo,71) + F(x1,22) + - + F(2n, 7) + F(z,9) < f(y).

Taking the supremum over all families z1,z9,...,x, we deduce that f(x) +
F(z,y) < f(y), i.e., (12) holds. O

Whenever F' is also maximal monotone, more can be said on f:

PROPOSITION 5.2 Suppose that intC' # () and F : C x C — R is mazimal
monotone and cyclically monotone. Then the following statements are true:

1) The sets C and int C are conver, and equalities C = D(AF) and int C =
int D(AY) hold; the function f in relation (12) is uniquely defined up to a
constant on int C', and is conver and continuous on int C.
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2) If in addition F(z,-) is l.s.c. for every x € C, then f is uniquely defined
up to a constant, and conver and l.s.c. on C.

Proof 1) Our assumptions imply that A" is maximal monotone and cyclically
monotone. By a well-known theorem of Rockafellar [11], given (x, zf)) € gr AF,
the function ¢ : X — R U {+o00} defined by

o(z) = sup {(z0, 21 — @o) + (21,02 — 1) + - + (27, @ — ) }
neN, (z;,x;)egr AF
i=1,2,..n

is a proper, l.s.c. and convex function such that d¢ = AY". For every x € C,

o(x) = sup {20, 21 — o) + (27,22 — 1) + -+ + (25,2 — 2y }
neN,(z;,x;)egr AF
i=1,2,.n

< sup {F(zo,z1) + F(z1,22) + - + F(xp,2)} < —F(z,20)
neN,z, e D(AF)
i=1,2,..n

since F(xg,z1)+ F(x1,22)+- -+ F(zn, )+ F(z,20) < 0 by cyclic monotonic-
ity. Hence ¢ is real on C so that C' C dom(¢). It follows that

C C dom(¢) = D(9¢) = D(AF) C C,
int C' C int dom(¢) = int D(d¢) = int D(A) C int C

Consequently C = dom(¢) and int C' = int dom(¢) are convex. Now let
f: C — R be any function such that (12) holds. Then for every (z,z*) € gr A"
and every y € C one has

fy) = f@) = (2", y — ).
This means that 0¢ C df and by maximal monotonicity of d¢, ¢ = Jf.

For any z,y € C and A € (0,1) with z := (1 — A\)z + Ay € int C, choose
z* € AF(z). Then from the inequalities

we deduce that

S =Nz + Ay) < (1= A)f(x) + Af(y). (14)
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Hence f is convex on int C. Also, f is l.s.c. on int C since 0f # () there.
Since 0¢ = Jf, the functions ¢ and f differ by a constant on int C.

2) Assume that F is l.s.c. and let f be a function satisfying (12). Then for
every = € C,

liminf (f(y) — f(x)) > liminf F(z,y) > F(z,z) =0

Yy—x Yy—x

thus f is Ls.c.. From part 1 of the proof we know that int C' and C are convex.
Adding a constant if necessary, we may assume that f = ¢ on int C. For any
x € C, choose y € int C' and a sequence z, = (1 — \,)z + Ay, n € N, with
An >0 and A\, — 0. Since C' C dom(¢) and int C' = int dom(¢), we have z,, €
int dom(¢) = int C. Using (14) which is valid whenever (1 — X\)z + Ay € int C
and lower semicontinuity of f we obtain

lin%inf fzn) < hH%‘Linf (L =) f(z) + Mf(y) = f(z) < hn%inf f(zn).

Hence f(x) = liminf,, f(x,). Using the same argument for ¢, we deduce
that ¢(z) = liminf, ¢(x,). Consequently,

f(z) = limninff(xn) = lirr%inf d(xy) = o(x).

Thus f = ¢ on C and this implies that f is convex. O

The following example shows that a convex function such that (12) holds
may not exist if F'(z,-) is not Ls.c..

Example 5.3 Let ¢ : R? — RU {+00} be the function with dom(¢) = Q :=
[—1,1] x [-1, 1] defined by

¢(a,b):—(\/1—a2+\/1—62>.

Then ¢ is convex, differentiable on int  and such that D(9¢) = int Q. Let
further f be any function with dom(f) = @ and such that f = ¢ on int Q,
f > ¢ on 0Q, and f is not convex (for instance, f = ¢ on R?\{(1,0)} and
f(1,0) = 1). Define the cyclically monotone bifunction F': Q x @ — R by

F(x,y) = f(y) — f(x).

For every z € int Q and y € @,

F(x,y) = f(y) — f(z) > d(y) — ¢(x) > (V(z),y — ).
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Since D(0¢) = int Q, it follows that d¢(x) C A (z) for every x € R2. By
maximal monotonicity of d¢ we obtain that AF = 9¢ hence F is maximal
monotone.

Now assume that there exists a convex function f; : @ — R such that

vxay € Q7 F(LE,y) < fl(y) - fl(x)

Fix y € Q. Since f(y) — f(z) < fi(y) — fi(z) for all x € @, interchanging x
and y we obtain f(z) — f(y) < fi(z) — fi(y) and finally

Ve e Q, f(r) = fi(z) — fily) + f(y) = fi(z) + k

where k is a constant. This means that f is convex, a contradiction.

Next example shows that cyclic monotonicity of A does not imply cyclic
monotonicity of F, even if I is monotone, C' is a convex subset of R and AF
is a subdifferential of a proper l.s.c. convex function.

Example 5.4 Let C = (—1,1] and f(z) = %5 for z € (—1,1). We define

F:CxC—Rby F(z,y) = f(y) — f(x) whenever z,y € (—1,1), F(z,1) =

f(z)(1—z)and F(1,2) = —f'(z)(1 —z) for z € (—=1,1), and F(1,1) = 0. It is

obvious that F is monotone. We compute A", For every = € (—1,1) and any
€ (—1,1] it is clear from the definition that

F(z,y) > f'(z)(y — x).

Thus df(x) = {f'(x)} € AF(z) for all z € D(9f). It follows by maximality
of Of that A¥ = 0f and in particular AF is cyclically monotone. However, F
is not cyclically monotone since

F(_?l7 %)+F(%7 1)+F(1, _71) = O+f’(%)(1—%)_f/(_7l)(1+%) _ 2]”(%) -0
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